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COMPARISON OF COMMUTING ONE-PARAMETER
GROUPS OF ISOMETRIES

OLA BRATTELI, HIDEKI KUROSE AND DEREK W. ROBINSON

ABSTRACT. Let a, f be two commuting strongly continuous one-parameter
groups of isometries on a Banach space . with generators §, and &, and

analytic elements Ja/af , Mwﬂ , respectively. Then it is easy to show that if J,

is relatively bounded by 65 , then Mwﬂ C M: , and in this paper we establish
the inverse implication for unitary one-parameter groups on Hilbert spaces and
for one-parameter groups of *-automorphisms of abelian C*-algebras. It is not
known in general whether the inverse implication holds or not, but it does not
hold for one-parameter semigroups of contractions.

1. INTRODUCTION

Our intention in this paper is to examine the extent to which the analytic
elements determine a strongly continuous one-parameter group of isometries on
a Banach space. For example, if U, V', are two one-parameter unitary groups
on the Hilbert space # with analytic elements #, (U), #, (V) , and generators
H, K, and if U commutes with V' then we prove that #Z (U) C #Z, (V) if
and only if K is relatively bounded by H . Thus #, (U) =#, (V) if and only
if the generators are mutually relatively bounded. Similar results are proved
for two continuous one-parameter groups of “-automorphisms of an abelian
C*-algebra.

We also establish by examples that the situation is quite different if one
only compares C®-elements, or if one considers contraction semigroups. In
particular we construct two one-parameter groups of *-automorphisms of a
simple C*-algebra which commute and which have the same C®-elements,
but the generator of one group is not relatively bounded by the generator of
the other. In addition we give two semigroups of contractions with the same
analytic elements but with generators which are not comparable.

2. GENERAL GROUPS OF ISOMETRIES

If a is a strongly continuous one-parameter group of isometries on a Banach
space 2, with generator J_, one many associate various classes of smooth
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elements with (2, o). The simplest such class is 2| = D(J,), the domain of
d, , but in this paper we will be more concerned with the following classes: the
class A% = (o2, D(6") of infinitely many times differentiable elements, the
subclass A7 C A7 of analytic elements, i.e., elements x € A% such that

. 1
lim sup — |6 x||'" < oo,
n—oo N

and finally the subclass Qlj’r C A, of G-finite or geometric elements, i.e., ele-
ments x € A such that

1
" ¢ .

limsup ||J] x||
n—oo
If A%(K) is the Arveson spectral subspace of 2 corresponding to the compact
subset K C R =R, then A% = Ug A°(K) , where the union is over all compact
subsets. (See [BR, B] for details.)

Most of the implications in the following proposition are both well known
and straightforward. The implication (2) = (3) has also been proved in greater
generality in [GJ, N]. Our main purpose in formulating this proposition is the
belief that all six conditions are equivalent. We will show that this is indeed
the case in the context of Hilbert spaces in §3, and in the context of groups
of automorphisms on abelian C~-algebras in §4. In §5 we show that the six
conditions are not equivalent to Qifo C Ql‘;o , even under the special assumptions
in §§3 and 4. Finally we show in §6 that the results do not extend to one-
parameter semigroups of contractions.

Proposition 2.1. Let o, B be two commuting strongly continuous one-parameter
groups of isometries on a Banach space 2 with generators 6,, d,. and let
a,f _ @ B
U =AM
Consider the following six conditions:
(1) There exist constants ¢, d > 0 such that

W ([-L, L)) cA*([~cL —d, cL +d])
forall L>0.

(1) There exist constants ¢, d > 0 such that

1/n

lim sup |67 (x)]""" < climsup || (x)['"" + d
n—oo n—oo

for all x € Ql’;;ﬂ.
(2) D(64) € D(3,)-
(2)' There exist constants ¢, d > 0 such that

18, ()N < clidg ()l + dl|x]l

for all erl‘;;B.
B «
3) 28 cu .
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(3)" If limsu (1/m)||82 ()| < 0o then
Py oo B
) 1 1
lim sup — 6" (x)]|'"" < o0,
n—oo N

forall x e u%?.
The following implications are valid.:
1N <« @ = 3
0 / ﬁ li 0 li
(1) (2) 3)

Furthermore, the constants ¢, d occurring in (1) and (1)’ can be taken to be
the same, and if (2)' holds, then (1) holds with the same ¢, d .

Remark. We remark that conditions (2) and (2)’ also imply the two equivalent

conditions
(2n) D(dg) C D(4;), and
(2n)' there exist constants ¢, d > 0 such that

16, ()1l < cllg ()l +dllx|

for all x € ngc;ﬂ . Here n =2,3,4,.... This is clear from the estimates in
the proof, and estimates of the form

6™ x| < K(n, m)(l6"x]|| + lIx])
which are valid for m=0,1,...,n,and for 6 =4_, 6=§/,, see [R1].
Also, if R >0 and

[e ] n
. t
radius of convergence of E m”&: )l
n=0 "

oo ?

A% (R) = {erl" ;

is greater than R}

= {x €A ; limsup l||5:x||l/" < (eR)_l} ,
n—oo N
then it follows from the proof that (2)' implies
n ﬂ a
(3)" %8 (R) C A (R/cA1/d),

and since Qlf) =Ugrso Qlf)(R) this again implies (3).
Proof. (3) « (3)' is trivial since x is analytic for a if and only if

1
"< 4o,

. 1
lim sup —||62x||
n—oo n
and (2) & (2)’ is a consequence of Hermander’s closed graph theorem [Y,

I1.6, Theorem 2]. (Since o and f commute, 2(‘;'3 is a joint core for J, and
éﬂ , see [BR, Corollary 3.1.7].)
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(2)' = (3). Since o and B commute, we find

n L N\ r  n—ryer
LEEY (0)ea g0

If xe Qlﬁ, there exist constants K, b such that [|d;(x)|| < Kr!b" and so
1A (x|<KZ( cb)d"’

<K+ 1)!(cb vd)".
Thus x € A .
For the remaining implications, we need the following.

Lemma 2.2. Let o be a strongly continuous one-parameter group of isometries
on a Banach space 2, with generator 6,. Then the following conditions are
equivalent for each L > 0:
(2.1) xed*([-L, L)),
(2.2) limsup [|6” (x)||'" < L.

n—oo

Proof. (2.1) = (2.2). For any n we can write x = E,’::_n x, where the
a-spectrum of x, is contained in

[k_lL,k+1L],
n n

by putting x, = « 5 (x) where

suppfk - [k—L #L]

and °;_ , f(r)=1if re[-L, L]. By [KR, Lemma 2.4] we have

(50 - i%L) (x,)

where N > 1 is a universal constant. Hence,
k N
10,0500 < (B2 + FLY < (245 ) Il

Now, since the powers 5;"()(,() all have a-spectrum in

[k—lL,k+1L],

|
<N-
< Nl

n n
we may iterate the above estimate to obtain
m m
16, (X ) < (L+ N/n)" |lx, ]l

Hence,
87 (x)|l < K(n) (L + N/n)"™
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where K(n) depends on x and n. Thus
limsup |67 (x)|/" < L+ N/n
m—oo

and since n is arbitrary, (2.2) follows.

(2.2) = (2.1). We show this by contradiction: If x satisfies (2.2), but
x € 2\A*([-L, L)), then there exists an a with |a| > L such that a € Sp_(x).
Choose ¢ > 0 such that [-L, L]N[a — Ne, a + Neg] = & (where N is the
N in Lemma 2.4 of [KR]), and choose f € L(R) such that f (@) =1 and
supp f C [a—¢,a+¢€]. Then y = af(x) # 0 and Sp,(y) Cla—¢,a+e¢].
Hence ||(d, — ia)(y)|| < Nel|ly|| and, assuming a > 0, [|d | > (a — Ne)|y|.
Iterating, we get ||<5;'y|| > (a — Ne)"||y|| and hence

1/n

limsup||d, (»)||'"" > a — Ne.
n— oo

On the other hand,
671l = 6 ;) = llox (8 O < 1f1, 165 (NI

SO

“ I/n 1/n

hm n sup 62 (v <limsup||d, (x)| " < L.
n—oo

But as a— N¢ > L, this gives a contradiction and the implication (2.2) = (2.1)
is established.

Condition (1) of Proposition 2.1 can now be formulated as

lim sup |85 (x)[|'"" < L = limsup |6, (x)||'" < cL +d

n—o0o n—oo
and hence the equivalence of (1) and (1) is clear. We now prove (2)' = (1)'.
From (2)' it follows by iteration that

n n _
ez <3 (7)o,
r=0
Let L = limsup,_, llél’,(x)”l/ ". If L = +oo there is nothing to prove; if
L < +oo there exists for each ¢ >0 a K, such that ||d5(x)|| < K,(L +¢)" for
r=0,1,2,..., and hence

167 x]| <§:( ) "d" K (L+¢) =K,(c(L+¢)+d)".
r=0
Thus
limsup |6 x||'" < ¢(L + &) +d
n—oo
but ¢ was arbitrary so (1)’ holds.
We have thus established Proposition 2.1.
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3. HILBERT SPACES

Proposition 3.1. Adopt the assumptions of Proposition 2.1, but assume in addition
that A is a Hilbert space. Then conditions (1), (2) and (3) are all equivalent.

Remark. The technique used in the proof of (1) = (2)' also shows that condi-
tions (2n) and (2n)" in the remark after Proposition 2.1 are equivalent to (1),
(2) and (3) in this setting.

Proof. Put 6, = iH_ and 53 =iHy, then H, and H, are commuting selfad-
joint operators. There is a measure space (X, u) such that H and H 5 are
represented by multiplication with real functions 4 and A p On LZ(X , ). We
have to prove (1) = (2) and (3) = (2)".

(1) = (2)". Condition 1 means that
lhg(x)| < L = |h,(x)| < cL+ d

for u-almost all x € X ; hence |h_(x)| < c|hﬂ(x)| +d for almost all x € X,
but then

1H I = [ b, eoweor dut) < [ Kyl + dwio) duco)

= ll(clHy| + d)w|)® < (cllHyw | +dllw])’

using the Cauchy-Schwarz inequality.
(3) = (2)'. Assume that (2)’ does not hold, i.e., that | | is not linearly
bounded by |A,|. This means that

n({xs [h, () = n(lhy(x)[+ 1)}) >0

for all n. A simple argument then establishes that there exists a sequence S,
of pairwise disjoint sets in X such that u, = u(S,) >0, u, < oo, and

S, € {x3 I, ()] = n(lhy(x)] + D}

Now, note that H_ has the same analytic elements as |H, |, and H, the same

—t|H, ~t|Hy|

as |H ,;l , and since e | and e are holomorphic semigroups, it follows

that
Qlf) = Ue_'lﬂf’lQl and A, = U e Mgy
>0 >0
see [BGJR, Corollary 2.6].
We want to show that Qif, ¢ A ,i.e., that there exists a y € L2(X , du) such

that y is analytic for HB but not for H_ . Define y = e"Hﬂ'n where

<1
n= X

and y, is the characteristic function of S, . Then

oo
—lhy(x)| 1
yix)=e "’ Xs (X)
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is analytic for Hg . In order that y shall be analytic for H_, there must exist
aéel’(x,du) anda t>0 st. y=e Mg je,

—t|h (x) 'é —lh (xlz
1.e.,

)
1 hy(x)|~1h
é(x) — Z _e" L (0= ﬂ(x)lxsn (X) .

n=0n 'u"
But when x €S, , |h,(x)| 2 n(lhg(x)[+1), so

oo
1 n—1)hy(x)| tn
> e e xg (x),
n=1 nV 'u”

and hence
2tn

2 e
ll; > D" —5 = +oo.

n>1/t

Thus, for no ¢ > 0 does there exist a £ € 2 such that y = e“"’“"é , and thus
w ¢ A2 . Hence 22 ¢ %, and (3) = (2)’ is proved.

4. ABELIAN C'-ALGEBRAS

Proposition 4.1. Adopt the assumptions of Proposition 2.1, but assume in addition
that 2 is an abelian C*-algebra and that o and B are one-parameter groups
of *-automorphisms. Then conditions (1), (2) and (3) are all equivalent, and in
turn they are equivalent to the three conditions:

(1) There exists a constant ¢ > 0 such that

o’ (-L, L]) € A°([—cL, cL])

forall L >0.
(2)" There exists a constant ¢ > 0 such that ||d,(x)| < clldg ()l for all

X € Ql‘;;ﬂ

3)" If S,ﬂ is the flow of homeomorphisms on the spectrum Q of 2 defined
by B, there exists a continuous function | on Q\Q,, where Q is the fixed
point for S? such that 1 is constant on the S* -orbits, | is bounded and

()05 f)(@) for o e Q\Q,

0.f) = { 0 for w € Q,

forall feall ca=Cy Q).
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Furthermore, the optimal values of ¢ in conditions (1), (1), (1)", (2)" and
(2)" are all the same, and equal to

]l = sup{|/(®); @ € Q\Qq} .

Remark. Using 6, = ["5; where the [ is defined by (4), one shows as in the

proof that each of the conditions (2n) and (2n)" in the remark after Proposi-
tion 2.1 also are equivalent to (1), (2) and (3).

Proof. Since clearly (2)” = (2)', we only have to prove that (3) = (2)",
()= (1)"=(2)" and (2) & (4).

(3) = (2)". Assume that Qlf, C A2 . If %% denotes the *-algebra of elements
in 2 with compact f-spectrum, then Qlﬁ C Qlf) C A C D(J,), so by [KR,
Theorem 2.3] there exists a continuous function / on Q\Q, , which is constant
on S”-orbits and bounded on sets of bounded frequency, such that

(6,)(®) = 1(@)(6,/)(w)
for f in the joint core D(6,)N D(JB) of J, and (5,,. From this relation it is
immediate, using [BDGR, Lemma 2.7], that J_ is 6ﬂ-bounded if and only if
/]l = sup{l/(w)!; w € Q\Q,} is bounded, and then
18, /1 < 11l o195 A1l

is the best possible bound. This, incidentally, establishes (2) < (4). To show
that ||/|| , is finite we will use the following.

Lemma 4.2. Let & be the generator of a one-parameter group of isometries on a
Banach space U, and define

0] = \/—6? = %/0 A1 = 6% (=6 da,

such that |8| is the generator of the semigroup given by the Poisson kernel

—ne) _t [ ds s
e = —7; 5 26’ .
-0 1" +S

Then an element x € U is analytic for & if and only if it is analytic for |d|, and
the two power series

[e o] t" [e o] l"
n n
> —l6"xl and Y 161" x|
n! I
n=0 n=0

have the same radius of convergence.

Proof. Tt follows from [Y, IX.11] that |§| is the generator of the semigroup
e ! given in the lemma, and that |§ |2 = —6°. Furthermore since |6| and &
are dissipative it follows from [R1, Lemma 2.3] that

2 2
6x]| < ell6"x[| + Zllx|l and |[|8]x[| < ell6”x|| + Z x|
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for all x € D(6%) and all ¢ > 0. Hence we find [|6°"x| = |||6""x|| and

2m+1 2m+2 2m
1677 x|l < 1817 x|l + 2[ 6" xII
2m+1 2m+2 2m
1™ Xl < 1677 x| + 2[167 x|

for m =0,1,2,.... The assertion of the lemma is immediate from these
estimates.

We now return to the proof of (3) = (2)" of Proposition 4.1. Assume ad
absurdum that / is unbounded, i.e., there exists a sequence w, € Q\Q, such
that |/(w,)| — oo, and we may assume that @, — |/(w,)| is strictly monotone.
Put

U, = {@ e 2\Qy; 4(ll(@,)] + 1@, ) < [@)] < $(i(@,)] +(@,))}

(with the lower bound = 0 for n =1). Then U, is a sequence of disjoint, sh.
invariant, open sets in Q with w, € U, . For each n, pick an f, € C;(2) such

that f has support in U,, ||f,| =»n~ and f, ¢ D(S,) . (The last condition

is possible since U, contains nonfixed points for st .) Then f = Z:‘;l f €
Cy(Q), and f ¢ D((Sﬂ) since (Sﬂ coincides with differentiation along Sﬂ [B,

Lemma 2.4.3]. Put g, = e_l‘sﬂ'fn and g = e_"sf’lf. As e %! is a contraction
semigroup, we have g =32 g, . As

Y O

it follows that g , together with all its 5ﬂ-derivatives, are supported by the
S#invariant set U, . and thus
e (@) = { 5;,"g(w) forweU,,
B >n 0 otherwise .

Hence
165 8(w)| > |67 g, ()|

forall m =0,1,...,w € Q. These derivatives really exist, since e is
a holomorphic semigroup. More specifically, the function z — e *%!x hasa
holomorphic extension to the right haifplane Rez > 0 for each x € A, as is
easily seen from the Poisson kernel representation. It follows from Lemma 4.2
that g  is analytic for (Sﬂ with the radius of convergence of

—1|dg]

oo m

t
3 5yl

m=0

at least one. But as f, is nonanalytic, the radius of convergence is exactly one.
The same applies to g and f. Now, putting

L= 3@, + [(w,_)I)
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for n=2,3, ..., we have

"
Z?a
m=0

||1 o (2)l

Ms
§|“

3
Il
=)

>

oo lm m
e ,,>||zz:(’,;;’! ")

m=0

NgE
§|“‘

3
]
<)

and the latter series diverges for #/, >1,n=2,3,.... As [, 1 400, it follows
that the series diverges for all z > 0. We conclude that g ¢ A7 and thus
2” ¢ A% . This contradiction establishes that / is bounded, and (3) = (2)"
follows.

In order to prove (1) = (1)” = (2)" we need some terminology from [BER],
or [B, Definition 2.4.17]. For w € Q, let v(w) = uﬂ(w) € [0, oo] be the
frequency of w with respect to S*? . The function @ — v(w) is then upper
semicontinuous, so the sets {w € Q; v(w) < a}, where a € [0, oo], are open.

Assume (1). It follows that

ap = Jo'(-L, L) c %} c DE,).
L>0
Again using [KR, Theorem 2.3] there exists a continuous function / on Q\Q,,

which is constant on S”-orbits and bounded on sets of bounded frequency, such
that

(G, N)(@) = [(w)(d5f)(®).

Thus, the S# _orbit through w is also an S®-orbit, unless /(w) = 0, in which
case w is a fixed point for S, and the frequencies are related by v_(w) =
l(w)uﬂ(w). Now, consider a particular S”-orbit through « with frequency

0 < uﬁ(w) < oo. Then the orbit through w and the flow S# restricted to

this orbit is homeomorphic to T and the flow given by multiplication by e
through

Stﬂ(l) - e2niuﬂ(w)t )

Similarly the flow S” restricted to this orbit is homeomorphic to (T, e")

through
Staw R eZnil(w)uﬁ(w)! )

Thus, if L > 0 is given, the restrictions of the functions in o1 ([-L, L)) to this
orbit are linear combinations of the functions z € T = z" , where 27wﬂ(w)\n| <
L, while the restrictions of the functions in 2A%([-~cL—d, cL+d]) to this orbit
are linear combirations of the functions z € T = z", where

2n|l(w)|vg(w)|n] < cL + d.

By regularizing with functions whose Fourier transforms have suitable support
properties, one sees that there really exist functions in the appropriate spectral



COMMUTING ONE-PARAMETER GROUPS OF ISOMETRIES 687

subspaces for # and o respectively, which restrict to the functions z — z" on
this particular orbit. The inclusion

2P ([-L, L)) cA*([~cL —d, cL +d])
for all L > 0 thus implies
2nvg(w)n < L= 27r|l(w)|uﬂ(w)n <cL+d

for n=0,1,2,... and all L > 0. It follows that |/(w)| < ¢ and this again
implies the stronger implication

2nvg(w)n < L — 27z|l(w)|uﬂ(w)n <cL

for n=0,1,2,... andall L>0.
Next, an S2-orbit through @ with frequency uﬂ(w) = 0 corresponds to the

additive flow of R on R, and if S? is flow with unit speed, S® is flow with
speed /(w). Using continuous Fourier analysis one again exploits

2P (-L, L) cA*([~cL —d, cL +d))

to deduce that
2nlk| < L= 2n|l(w)||k| <cL+d

forall ke R, L >0. Hence |/(w)| < ¢ and therefore we obtain the stronger
implication
2nlk| < L — 2n|l(w)||k| < cL.

Thus ||/||, < ¢ and Qlﬂ([—L, L)) C A*([—cL, cL]) for all L > 0. This ends
the proof of (1) = (1)” = (2)", and the remarks at the end of Proposition 4.1
follow from the proof.

5. INFINITELY DIFFERENTIABLE ELEMENTS

Proposition 2.1 indicates that the spaces of analytic element 2 , Qlf, are a
fine gauge of the relative size of 6, ¢ 5 In this section we show by examples

a
oo ?

that the spaces of C”-elements 2 Qlfo give a much cruder gauge. For

Hilbert spaces this is immediate.

Proposition 5.1. Let 2 be a Hilbert space and o, § a commuting pair of strongly
continuous unitary one-parameter groups with generators o, =IiH, Jﬂ = iHﬂ .
The following two conditions are equivalent:

(1) 28 cas .

(2) There exist constants K, n such that ||H,y|| < K(|Hgy | +lwl) for all
v e Ql‘;;ﬂ .
Proof. (2) = (1) is immediate, while (1) = (2) follows by spectral theory.

Thus, for Hilbert spaces Ql‘; = Qtfo if and only if H and Hﬂ are mutually
polynomially bounded, while Ql‘; = Qlf) ifandonly if H and H 5 are mutually
linearly bounded.
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Similarly, if 2 is an abelian C*-algebra, and a, B are one-parameter groups
of “-automorphisms, it may happen that A = Qlfo even though o and g
are not mutually linearly bounded. An example [BER] is the C*-algebra of
continuous functions on the unit disc in R? , with

(5a=r_28/6(p, P =r"'9/0¢

in polar coordinates. Then J_ = r"aﬂ so d, is not linearly bounded by 5/3.
But 3; = r‘zc’)z/é‘(p2 , and since

2
pndd R

o], <<l

over each orbit for 9/9¢ , we have

2

2 0 2 0 2. -2 2 2. 2
0.1 = [ 55 < | g |+ 21 e <21+ FU A

This estimate may diverge since f may be constant but replacing f by

g(re'’y = f(re") - f(r)

on each orbit, we have ||g|| , < 7||0g/d¢|,, on each orbit, i.e.,

-2
Ir "8l <

-2 0
T LR
so we find in general (even when f(r) # 0)

10,/ < 8||5,;f|| + —||<5 Moo
Optimizing this estimate with respect to ¢, with ¢ > 27, we find ¢ = 47 and

16,/ oo < 87118511

On the other hand, [|6,f]| = Iré, f1l < 16,1l so 6, and d, are relatively

polynomially bounded, and thus A} = Qlfo .

In the opposite direction, if 2 is prime, and g is sufficiently “free” then all
derivations ¢ defined on ngo are a bounded perturbation of a scalar multiple
of 5,, , even without assuming that 6 commutes with 513 (see [B] for several
examples). Thus Qlfo determines J even up to more than linear estimates. The
assumption of freeness is essential for this, however, and we will next investi-
gate a simple C-algebra and an automorphism group S where the bounded
perturbation property is not fulfilled. This example, originally investigated in
[KR], is a product type action of R (or T) on a UHF algebra: Let M, de-

(e o]
note the algebra of complex 2 x 2 matrices, and let % = @M, be the infinite
tensor product of a countable number of copies of M, . Further let aE") be
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the one-parameter group of automorphisms of M, implemented by the unitary
group

U = 1 0
¢ 7 \0 exp{—id,(a)t}
where 1 () €R,andlet o, = @) ¢ a;' . Then there exists an a-invariant pure

state on A, and hence any derivation J on Ql‘;o is a bounded perturbation
of an invariant derivation, and thus a pregenerator, [K], [B, Theorem 2.9.10
and Theorem 2.6.8]. The derivation is not necessarily a bounded perturbation
of a scalar multiple of a generator J, of o, however, but this is the case if
I'(e) # {0}, where I'(a) is the I'-spectrum of a (the intersections of the
closures of the sets

{Z g,A,(a)le, ==x, 0, ¢, =0 except for a finite number of n } , k>1,
n=k

see [KR] or [B, Theorem 2.6.6]). We thus have that I'(a) = 0 if 4, (a) grows
rapidly, for example, if

n—1
L) > 3" A ()]

k=1
for all n. If in this situation J is a derivation defined on ngo ,then J is a
bounded perturbation of a derivation 5ﬂ commuting with J_, and, considering
the spectral subspaces of J , 5 necessarily has the same form as J_, with
A,() replaced by real numbers 4,(f). (Use that A% is abelian, and hence
5B|Ql" =0.)

Example 5.2. The real numbers 4,(a), 4,(B) can be chosen positive and such
that there exists a constant C such that 65(x)I| < Clld,(x)|| and [|6,(x)|| <

C ||6;(x)|| for all x € A7, but there is no estimate of the form
10, O < K(llag () + llxD) -

. a _ B a B
In this example 2 =2 but A} & A

w #F Tw-

Proof. Let M be a positive number which is so large that 1—1/M—1/4M 250
and N/2M <1 where N is the constant in Lemma 2.4 of [KR].
We now choose the sequences 4,(8) >0, 4,(a) >0 such that

(i) (o) 22'M T A(B),
(i) A8 22Th A,
(iii) A(0) 2 2M 57 A (a),
(iv) A(B) 2 2M X' 4,(B).
This can be done by putting 4,(8) = 1 and then choosing 1,(a), 4,(8),
Ay(a), 44(B), A4(a), ... inductively as follows: When all numbers up to Ay (@)

have been chosen, choose 4,(f8) so large that (iv) is satisfied and such that (i)
and (ii) are compatible, i.e., one can find a 4, (a) such that (i) and (ii) both can
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be satisfied. By possibly choosing 4, (f) even larger, one can also assure that
(iii) is satisfied for the 4, (a) chosen in an interval allowed by (i) and (ii).
Having chosen the sequences 4, (a), 4,(B) one now derives the estimate
[85()|| < Cl16,(x)|| from (i) and (iii) exactly as in [KR, pp. 90-93]. For the
other estimate, we use the same technique: Let ani be the matrices in the nth

factor of A = §M2 defined by

. (01 ~ (00
%=\o o) %7\1 0/

Then any element x in 2, the infinite algebraic tensor product of the factors
M, , can be written as a polynomial in a;“ , g, for n=1,2,... with coeffi-
cients in the fixed point algebra for o« and S, which is the tensor product of
the diagonal algebras {(3 g) ;a, b e C}, and this decomposition in monomi-
als is just the spectral decomposition of x with respect to a or B (here the
rapid growth conditions (iii) and (iv) are essential). If x respectlvely X, »
denotes the sum of those monomials which contain a factor an , respectlvely

, but no factor aji with j > n, then x: is the a-spectral component of x
corresponding to the spectral interval

[i,,(a)_’glﬂa),ln(an’g%(a)} e [(1- 7). (1+ 557 o]

and x, the a-spectral component corresponding to

(1 i) e = (1 g ]

All these intervals are disjoint because of (iii) and 1 — 1/M — 1/4M >0, and
there is an ¢ > 0 such that the distance between any two of these intervals is
greater than ¢. Similar remarks apply to S.

Now if x € 2, we can B-spectrally decompose x as x = x: + (x — x: )
where the S-spectrum of x: is contained in

() (1)

and the g-spectrum of x — x: has distance at least ¢ to this interval. The
same remark applies to the decomposition

85(x) =0,(x;) +05(x —x;).
By Lemma 2.5 of [KR] there exists a C, only depending on ¢, such that
18,06l < Cligg ()l
and by Lemma 2.4 of [KR],

185050) = iA,(B)5; | < N (B
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Combining these two estimates, we find
18501 2 2, (1= 537 ) 1571
Applying this estimate on dﬂ(x) instead of x we get
1536012 2,8 (1= 3z ) 18,031
but as d,(x), =d,(x,) and (X)F=x" we get

2
2 2 -2 N +
1830112 4, (8’ (1 - m) 171
On the other hand, applying Lemma 2.4 of [KR] to 6 , and using the fact that

the a-spectrum of x: is contained in [— ZLI Zk 1 A¢(@)], we then
find
n
+ +
16,(x, )l <N (Z lk(a)) llx, Il -
k=1
Combining these two estimates, and using (ii), we next obtain

2 n
.l < € (1= g37) - NEEED g0
< C* (1= N/2M) 7 N27"(j65(x)l| = D2 7|85

where the constant D is independent of x and ». Similarly,

16, (x, Il < D27"[85(x)
and since x has the decomposition

X=xg+ ) X +) X,

n>1 n>1

we conclude that

18, < D18, el + > 18, (x,)l

n>1 n>1
2 > 2
—-n
< 2D||85(x)| Y 27" = 2D||65(x)]].
n=1
This estimate is now valid for x € 2, but as 2, is invariant under S, and
even under exp(tdﬁ), it follows that 2, is a core for 6; [BR, Corollary 3.1.7].

Hence the above estimate extends by continuity to x € D(J;) .

This establishes the estimates of Example 5.2. Since
lim (4,(c)/4,(8)) =
by (i), it is clear that we cannot have a linear estimate of the form
16, < K(lldg ()l + llx1l)
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(in fact, d (0, ) = iA (a)a, , d4(0,) = i4,(B)a?) . Furthermore, since J, and
6 commute strongly, the joint C*-vectors for o and 8, le(;ﬂ , 1s a joint core

for (5 and (5 for all n, and for x € A, B
185 < ClIS,8,x1| = Cll6,8,x]l < C*16 x|
and by induction, [65(x)|| < C"[|6}(x)||. Similarly, |3, (x)| < C"||85"(x)]l,

and from these two estimates it is clear that A’ = Qlfo . Also, if x is analytic
for o, x is analytic for § by Proposition 2.1, le - Qlf) The other estimate
above implies that analytic elements for § are merely semianalytic for a, and
by an explicit calculation one can construct an element x = En>1 ¢, an which
is analytic for B, but not for . This finishes the proof of the statements of

Example 5.2.

6. ONE-PARAMETER SEMIGROUPS OF CONTRACTIONS

We now return to the situation considered in Lemma 4.2. The following
example shows that Proposition 2.1 does not extend to the setting of contraction
semigroups.

Example 6.1. Let % = Cy(R) and J = d/dx. Then ¢ is not linearly bounded
by |d], and |d| is not linearly bounded by J, even though § and |§| have the
same analytic elements.

Proof. The operator ¢ generates the one-parameter groups of *-automorphisms
given by (€ f)(s) = f(s+1), and f € D(5) if and only if the derivative f*
exists and f' € C,(R) [B, Lemma 2.4.3]. We then have

€ Hw =1 [ M rs .

—o "+ U
Now, let f(t) = |t|g(t) for |t| < 1, where
/ 1
gt)=———, &0)=0
t|log z| |+

and 0 < e < 1, and extend g so that g is C° with compact support outside
[-1, 1], and g(t) = g(—t). This choice of g’ ensures that fo t)dt < +o0o
so that g is well-defined and continuous,

1
/ |logt]g' (1) dt = oo
0
which we will use to show that f ¢ D(|d|), and
/(z)— mED g 0

so that f’ is continuous at ¢t =0.
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Now, if f € D(]d]|), the limit
—h|é
~1617(0) = Tim 2.((™"*' 1)(0) - /(0))

s ——$
h_.onh/ h2+s2f( h—.on/ h2+s g(s)
must exist. By partial integration,

2/°° sds 1 [ 2 2
= ——g(8) = —— In(h” +s s)ds.
=3 h2+52g() ( )8 (s)

T Jo

But as fol ln(sz)g'(s)ds diverges to —oo, the monotone convergence theorem
implies

lim /oo ——dg——-sg(s) = -
h—0Jo  h*+s?
and hence f ¢ D(|d]). Thus |d| is not linearly bounded by ¢ .
Conversely, if f € D(52 )= D(|6 |2) , we get by partial integration

s(1+18)" =0 / die~e™ M f = / dre—' L / 2c_i:25(es,sf)
)

—00

- e o ()

- 2s )
= dte —/ ds————e f,
/0 T J- (tz +32)2 f

so (1 + |c5|)_l is a convolution operator with kernel
2s [ —t t 1 {1 © dte™
- dte  ——5=—|<-9 el IS
T Jo (" +s9) TA\S 0 t°+s

© dte”" ®  du n
72| < 27 50
0o t*+s o l1+u* 2
so the kernel differs from 1/ns by a bounded function. Thus the kernel is
nonintegrable, and since the norm of §(1 + | ])_1 is equal to the L'-norm of

the kernel, it follows that J(1 + |0 |)_1 is unbounded. Thus ¢ is not linearly
bounded by |d].

There is a final somewhat different example of two contraction semigroups
whose generators have distinct domains but their C*-elements coincide, and
in addition their analytic elements coincide. This example is constructed with
the aid of two Laplacians, A_, Aﬁ , defined on C§° (Rd) . These Laplacians are

defined with respect to distinct coordinate bases. Now the closures, A_, Zﬂ,

But

of these operators generate continuous contraction semigroups S*, st , on
CO(Rd) , but since there is no universal estimate

10,0, fllo < CUAS + 1)
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forall fe C§°(R" ) (see [O]) it follows that D(A ) # D(Kﬂ). In fact, D(Zﬂ) =
D(Ag) only if A, and A, are proportional. Nevertheless, the C*-elements of
S and S” coincide with C§° (Rd) and their analytic elements can be charac-
terized as those f € C;° (R?) such that

n

> 1l < oo,

n>1

for some ¢ > 0, where || -||,, denotes the Cg"-norm. This latter identification
can be obtained by the use of Lipschitz space estimates as in §6 of [R2].
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